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Institutional investors seeking diversifica-
tion often build portfolios using collec-
tions of securities with widely varying 
characteristics.1 To help achieve diversi-

fication, investors generally use the common 
currencies of reported return, volatility, and 
correlation to construct or optimize their 
portfolios. As a result, investors using this 
approach are often drawn to investment 
opportunities that appear to exhibit diversi-
fying properties simply because of the lim-
ited price discovery associated with those 
investments. Such opportunities are often 
relatively illiquid when compared with tra-
ditional investments such as large-cap stocks 
or sovereign debt, and investors frequently 
take for granted that they receive a liquidity 
premium that compensates them fairly for 
the lack of liquidity.2 A variety of approaches 
have been proposed to incorporate liquidity 
into the portfolio optimization process: Seigel 
[2008] and Leibowitz and Bova [2009] devel-
oped methods for institutional investors to 
explicitly take liquidity into account when 
determining optimal asset weights; Ang, 
Papanikolaou, and Westerfield [2011] charac-
terized an investor’s optimal liquidity policy 
when there are frictions in the market; Lo, 
Petrov, and Wierzbicki [2003] added liquidity 
as an additional constraint in a mean–vari-
ance optimization; and Kinlaw, Kritzman, 
and Turkington [2013] incorporated liquidity 
as a shadow allocation to the portfolio.

The most common way to measure illi-
quidity in investments such as hedge funds 
or private equity is serial correlation in the 
investment’s reported return series,3 because 
such serial correlation is frequently viewed as 
the result of price smoothing caused by expo-
sure to less liquid securities or investments. 
More sophisticated investors may adjust the 
return data by taking into consideration 
observed serial correlation in order to decode 
the portfolio’s true volatility; they thereby 
correct both the volatility and the invest-
ment’s risk-adjusted performance (Scholes 
and Williams [1977], Geltner [1993], Get-
mansky, Lo, and Makarov [2004], Bollen 
and Pool [2008], Anson [2010 and 2013]). 
Simply adjusting for serial correlation, how-
ever, fails to measure or capture the core risk 
and cost of illiquidity: forced liquidations and 
fire sales.

Forced liquidations typically occur 
when illiquid portfolios become overvalued 
relative to their true market value (a relevant, 
timely valuation) and the reported valuation 
is no longer credible. Fire sales, or rapid asset 
sales that depress prices, result when man-
agers attempt to sell illiquid instruments 
or investments quickly. When these sales 
occur during significant adverse movements 
in the broader market, with an associated 
high demand for general liquidity, the price 
depression is exacerbated. Most importantly, 
forced liquidations and fire sales often occur 
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without warning, because they are precipitated by fac-
tors outside the investor’s control.

Many investors do not understand the true risk or 
cost of illiquidity until a forced liquidation or fire sale 
actually occurs—unfortunately, too late to help them. 
But by applying the barrier option–pricing framework 
presented in this article to an illiquid investment’s 
expected return, investors can often know the probable 
cost of illiquidity in advance. The method described here 
lets investors use a combination of market data and expe-
rience in a consistent, analytically rigorous framework 
to derive a fair-value estimate of the cost of illiquidity.

CAUSES OF ILLIQUIDITY

When it comes to liquidity, not all securities are 
created equal. Ask any experienced portfolio manager 
to describe the agony associated with exiting a losing 
investment in the face of an illiquid, declining market—
there is a qualitative difference and a real cost to exiting 
an illiquid portfolio, compared with exiting a liquid 
portfolio. Yet, in spite of the lessons learned during the 
global financial crisis of 2007 to 2008, many institu-
tional investments remain illiquid, and this illiquidity 
may be exacerbated during an extended low-interest-
rate environment with low volatility, because asset man-
agers are seeking higher returns.

One can think of the primary cause of illiquidity as 
a mismatch between the underlying investment’s funding 
and the horizon over which the investment can be sold. 
Further, the greater the leverage employed in the invest-
ment, the more likely it is that illiquidity will have a delete-
rious effect on the investment’s value in a declining market. 
Positions in exchange-traded securities can generally be 
sold very quickly, although the seller of a large holding 
may experience significant price decline. In contrast, for 
an investment in real estate, even if the investor is willing 
to sell at a steep discount, it may still take a long time to 
find a buyer. When investments are supported through the 
use of any form of short-term leverage4 or transactions that 
have embedded liquidity puts,5 there exists the potential 
for a funding mismatch and therefore illiquidity.

Additional factors can increase any particular invest-
ment’s illiquidity. Contractual terms, such as redemption 
notice periods, lockups, or gates, have liquidity costs that 
Ang and Bollen [2010] explored. They estimate that a 
three-month redemption notice period, combined with 
a two-year lockup for hedge funds, costs investors 1.5% 

of their initial investment. If a gate is imposed, there is 
an additional cost that can exceed 10.0%.

Other, so-called network factors may not be as 
readily apparent. The use of common service providers 
(custodians, prime brokers, securities-lending counter-
parties, or pricing providers); common investors, such 
as funds-of-funds or large institutions (Bhattacharya, 
Lee, and Pool [2013]); or strategies that turn out to be 
correlated in unanticipated ways (Boyson, Stahel, and 
Stulz [2010]) can create unforeseen illiquidity. In gen-
eral, factors that cause implicit linkages may serve to 
create or increase illiquidity for a particular investment 
or portfolio.

Investors in collective investment vehicles (such 
as hedge funds or private equity) are also subject to the 
actions of other investors in the same (or similar) portfo-
lios. In some circumstances, if even a single large investor 
decides to exit an investment, it can cause managers to 
sell assets to meet redemptions (Gennaioli, Shleifer, and 
Vishny [2012]). A high degree of leverage in the port-
folio can also result in a rapid decrease in the investment 
vehicle’s value and thereby cause other investors to react. 
The economic advantage to being an early redeemer 
if a portfolio or asset is under stress is well known (see 
Mitchell, Pedersen, and Pulvino [2007] or Chen, Gold-
stein, and Jiang [2010], among other examples), because 
slower investors end up holding shares of an increas-
ingly less liquid portfolio (Manconi, Massa, and Yasuda 
[2012]). For that reason, research has shown, sophisti-
cated investors withdraw much more quickly when there 
are questions associated with an investment’s liquidity 
(Schmidt, Timmermann, and Werners [2013]).6

LIQUIDITY AND REALITY

Consider first the nature of returns associated with 
trading and pricing a liquid security (or portfolio of 
securities) versus those of an illiquid security. For liquid 
securities, there exists virtually continuous, objective, 
and reliable price discovery; generally even large trans-
actions do not suffer a significant increase in cost upon 
liquidation. In contrast, illiquid securities may trade only 
by appointment, at infrequent intervals, and without 
reliable, objective, public reporting.7 Sellers of illiquid 
securities cannot be certain about the market value of 
their holdings, but sellers know (or should know) that 
a security’s sale price is likely to vary depending on the 
amount to be sold, the need to effect the transaction 
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quickly, and price pressure associated with other sellers 
in the market.8 All else being equal, if a seller needs to 
sell a large amount in a short time, the price can decline 
dramatically.

This lack of a liquid, transparent pricing mechanism 
tends to produce relatively predictable behavior from the 
managers of less liquid portfolios. For example, it has 
been documented that portfolios of less liquid securi-
ties exhibit a high degree of positive serial correlation.9 
In these cases, a significant proportion of the current 
period’s return can be statistically explained by the prior 
period’s return. This serial correlation is, of course, less 
likely to be the product of a wide-scale exploitable market 
anomaly than the result of the valuation practices of the 
managers of such less liquid portfolios. (It may be useful 
to think of private equity or certain hedge fund invest-
ments.) Absent objective pricing, these portfolios tend to 
get priced conservatively. In other words, the manager 
adjusts a stock’s prices by some proportion of the perceived 
difference between the point where the stock was marked 
during the prior period and the point at which the stock 
is thought to be tradable today. This approach does not 
necessarily imply nefarious behavior on the part of the 
manager,10 but it can represent a simple Bayesian updating 
rule, using a partial adjustment or adaptive expectations 
approach, which is rational in that it minimizes the mean 
squared difference between the estimated value and the 
market value (Quan and Quigley [1991]).

Over time, assuming markets move both up and 
down, the illiquid asset’s reported value (reported asset 
value or R) will be a relatively unbiased predictor of the 
true,11 tradable value (true asset value or N ).12 However, 
to the extent that a portfolio is conservatively marked, the 
reported returns will be autocorrelated; in other words, 
the current or observed return r

t
o will be determined, in 

part, by the prior period reported return r
t–1

o.
Why is this so? Consider the following equation, 

which describes a typical conservative pricing strategy. 
The reported return for the illiquid portfolio in the cur-
rent period r

t
o is determined by adjusting the change in 

portfolio value by some proportion, λ (the reporting 
adjustment), of the difference between the prior period 
reported value R

t–1
 and N

t
, the true, tradable value 

today.

1

1
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We assume that the portfolio N
t
, follows a discrete 

Brownian motion:

1 1 1N N N t N tt t t t t− = µ∆ + σε ∆− − −

Here, the portfolio’s true value in the current 
period N

t
 is equal to its true value in the prior period 

N
t–1

 multiplied by the trend rate of return µ and the 
one-period time step ∆t, plus the assumed volatility of 
the process σ multiplied by the product of ε

t
 (a standard 

normal random variable) and the square root of the one-
period time step (∆t). Thus, the change in value in any 
given period is the result of a combination of a trend 
and a random shock.

Substituting the Brownian process into the equa-
tion for r

t
o and rearranging results in the following, an 

expanded representation of the observed rate of return 
over a period of length (∆t):
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Finally, taking the expectation of r
t
o yields13
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As a consequence, some proportion of the expected 
value for period ∆t will be explained by the actual change 
in portfolio value and some proportion will be explained 
by the difference between N

t–1
 and R

t–1
. However, for 

smaller values of λ (where the portfolio manager incor-
porates less of the change in the portfolio’s value through 
time), we would expect the absolute value of (N

t–1
 – R

t–1
) 

to grow larger through time. The effect of this partial 
adjustment is to induce first-order serial correlation ρ

s(1)
o in 

the observed return series as the expected return in each 
period becomes increasingly dominated by the difference 
between N

t–1
 and R

t–1
. This first-order serial correlation is 

proportional to (1 – λ), even though the error term that 
helps drive the portfolio’s true return may be independent 
through time. For a quick and dirty estimate of the extent 
to which a portfolio manager is conservatively marking a 
portfolio (understating the change in its real value), one 
can simply calculate the first-order serial correlation and 
subtract it from 1 to yield an estimate of the proportion 
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λ of the true change in portfolio value that the manager 
is reporting.14

As noted, even with a process that systematically 
under-adjusts for changes in valuation from time period 
to time period, the reported asset value may still be a rela-
tively unbiased representation of the true value. Given that, 
the question becomes whether this misreporting is merely 
a benign understatement of the portfolio’s true volatility, 
which we can ignore, or has a real cost to the investor.

THE BARRIER OPTION FRAMEWORK

To answer this question, we begin by examining 
the dynamics of how the two related processes N

t
 and 

R
t
 evolve over time. Exhibit 1 illustrates how R

t
 might 

track N
t
 over a randomly generated period of 60 time 

intervals (for this simulation, assume that µ = 0.05, 
σ = 0.25, and λ = 0.25). The conservative reporting 
process tends to smooth portfolio valuation through 
time and, as expected, exhibits less price volatility than 
does the actual underlying series.

Exhibit 2 depicts the individual period differences 
between R

t
 and N

t
, where values above zero correspond 

to periods when the manager overvalues the portfolio 
relative to its true value. The manager’s conservative 
approach to portfolio valuation results in periods of both 
signif icant under- and overvaluation. From practical 
standpoint, undervaluation tends to be less important 
than overvaluation to an investor, because it’s rarely 
harmful to own an investment that is worth more than 
its stated value. Undervaluation is also rarely a concern 
for third parties providing financial support to a port-
folio, as those parties are overcollateralized. But par-
ties providing financing are usually quite interested in 
overvaluation. For example, a prime broker extending 
credit to finance portfolio positions will want to ensure 
that the manager’s appraisal of portfolio value doesn’t 
exceed some rational tradable value by more than a rea-
sonable margin, because that value serves as collateral 
for the financing.

This reasonable margin of overvaluation may be 
referred to as the credibility threshold L. Exhibit 2 sets 

the threshold at 15.0%. When a manager 
exceeds the credibility threshold, interested 
parties often respond; prime brokers tend to 
take action promptly, but the response can 
be slower from larger, more bureaucratic 
organizations, such as institutional inves-
tors, particularly when financial reporting 
is delayed (as is the case for hedge funds). 
Regardless of where it arises, a breach of 
the credibility threshold is likely to trigger 
forced behavior from the manager. In 
other words, the manager will be required 
to sell some or all of the illiquid portfolio 
in a relatively short time, typically in a 
descending (or thin) market. The single-
period loss that occurs thus consists of two 
components. The first is a loss governed by 
(R

t
 – N

t
), the extent to which the portfolio 

was overvalued. The second is a liquidation 
penalty P associated with a fire sale of the 
illiquid portfolio in a (typically) descending 
market. This liquidation penalty increases 
when the portfolio contains signif icant 
leverage, because it is likely that more of 
the portfolio will need to be liquidated. 
Large, single-period losses of this type are 
relatively common in financial markets and 

e x h i B i t  1
Hypothetical Growth of $100
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tend to be larger than losses estimated through the use 
of conventional and highly data-dependent methodolo-
gies such as value at risk (VaR) or expected shortfall 
(CVaR). However, this article suggests that these losses 
are somewhat predictable and that, by formalizing the 
basic structural dynamics described previously, it is pos-
sible to develop an objective framework for analyzing 
the cost of illiquidity.

When the credibility barrier is breached and a man-
ager is required to liquidate positions as outlined, we can 
model the associated cost as an up-and-in barrier option 
on the path of reported portfolio valuation.15 When the 
path of reported value is overvalued and exceeds the 
threshold (barrier), the option pays (the payment is nega-
tive and represents a loss to the investor) the sum of 
two components, the amount by which the portfolio’s 
value was overstated and the additional loss associated 
with the forced liquidation. If the investor has a set of 
prior beliefs about a) the portfolio’s return and volatility 
characteristics, based on the observed mean, standard 
deviation, and serial correlation;16 b) the conditions that 
will elicit a forced sale of the portfolio, i.e., a realistic 

estimate of the credibility threshold; and 
c) the liquidation cost of being forced to 
sell a relatively illiquid portfolio during 
a stressful market period (an estimate of 
the liquidation penalty), then pricing the 
option is relatively straightforward using 
Monte Carlo techniques.17

First, simulate the portfolio’s true 
value using a discrete Brownian motion, 
a function of the observed volatility, 
and trend rate of return plus its associ-
ated estimated valuation lag, λ (which is 
based on 1 minus the observed first-order 
serial correlation, 1 – ρ

s(1)
o).18 Then cal-

culate the individual period differences 
between the two processes and, when the 
difference exceeds the assumed credibility 
threshold, apply a payout equal to the dif-
ference between the two series at the time 
of the breach plus the assumed transaction 
penalty associated with a forced liquida-
tion. Do this 100,000 times, calculating 
the net present value of whatever payout 
occurs for every one-year path and noting 
that many paths will have no associated 
penalty. Finally, calculate the mean of the 

resulting payoffs, including the zero-valued payoffs.
The option model is structured as a one-year 

option, so that the price translates as a haircut to the 
reported annualized rate of return associated with the 
investment. The price of the option is the de facto price 
of the risk assumed by investing in the less liquid port-
folio, because the conservatively valued portfolio may 
become signif icantly overvalued and thereby force a 
sudden, expensive liquidation. To arrive at the portfolio’s 
liquidity-adjusted expected return, we simply subtract 
the option’s dollar value from the portfolio’s expected 
return. That is, if the option is valued at $2 and the 
investment’s expected return is 10%, the adjusted return 
would be 8%.

AN EXAMPLE

To illustrate this approach, our base case is a port-
folio with mean expected return, µ, of 6%; volatility, 
σ, of 12%; with a riskless rate in the market of 2%, all 
on an annualized basis.19 The one-year barrier option is 
valued on an initial $100 portfolio priced every week, 

e x h i B i t  2
“Conservative” Less Actual Returns
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or 52 times per year. When varying other parameters, 
we fix λ (the reporting adjustment) at 25%, L (the cred-
ibility threshold) at 15%, and P (the liquidation penalty) 
at 25%.20 The evaluation of the option price is always 
based on 100,000 Monte Carlo simulations.21

Exhibit 3 illustrates how the cost of the de facto 
option varies as a function of the reporting adjustment 
λ and credibility threshold L when the liquidation pen-
alty is held constant at 25%. As λ decreases, i.e., as serial 
correlation in the portfolio increases, the option value 
increases. Because we have used a one-year option on a 
$100 portfolio, we can directly interpret the option value 
as an annual percentage cost to the investor for the illi-
quidity in the portfolio. For example, with a λ of 25%, 
a credibility threshold of 15%, and a liquidation penalty 
of 25% (our base case, approximately left of center in 
Exhibit 3), the option has a value of $15.54. This means 
that the investor should adjust the expected return for 
an investment in the portfolio by −15.54%. Because we 
have assumed an expected return of 6% for this port-
folio, the illiquidity option that the investor is providing 
to the manager consumes all of the expected investment 
return, leaving an undesirable −9.54% liquidity-adjusted 
expected return.22 It is important to recognize that, for 

all credibility thresholds less than 20%, the option’s 
value is significant over a range of reporting adjustments 
(serial correlations).

Turning our attention to the inf luence of the cred-
ibility threshold, Exhibit 3 shows that as L increases (as 
the manager is given more latitude to overstate per-
formance), the cost of the illiquidity option decreases. 
This result is expected, because the likelihood that the 
credibility threshold will be breached goes down as the 
threshold increases. Significantly, no single investor con-
trols this threshold. Although a given investor may be 
very lax—i.e., have a very high credibility threshold—it 
is the market’s credibility threshold that matters.23

Exhibit 4 illustrates the relationship between 
the reporting adjustment and the liquidation penalty 
when the credibility threshold is constant at 15%. For 
higher reporting adjustment factors (lower serial corre-
lations), the liquidity option’s cost is low. But for lower 
reporting adjustment factors (higher serial correlations), 
the liquidity option’s cost can increase dramatically. 
As might be expected, the option’s cost monotoni-
cally increases in the size of the liquidation penalty, P. 
The cost function’s steepness as the serial correlation 
increases underscores the cost of vanishing liquidity 

in a portfolio. As discussed previously, 
when a portfolio is under stress, investors 
can be left with fewer and fewer liquid 
positions, resulting in higher and higher 
serial correlation. Exhibit 4 shows that, 
in those cases, the illiquidity option’s 
cost can easily overwhelm the portfolio’s 
expected return.

Exhibit 5 shows the relationship 
between the liquidation penalty and the 
credibility threshold when the reporting 
adjustment is held constant at 25%. As 
previously discussed, when the cred-
ibility threshold is high and supervision 
is lax, the option’s cost is low. Otherwise, 
as the liquidation penalty increases, the 
option’s cost also increases. For sensible 
ranges of the credibility threshold (5% 
to 15%) and relatively high serial cor-
relations (75%, for example), the entire 
range of liquidation penalties results in 
significant cost associated with the illi-
quidity option. Although the value of the 
illiquidity option diminishes with lower 

e x h i B i t  3
Option Price as Function of λ and L
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serial correlation, the associated cost can 
still be important enough to investors to 
warrant estimation and consideration.

It is also useful to consider the effect 
of the other parameters on the illiquidity 
option’s cost. When the riskless interest 
rate increases, the option’s cost goes 
down due to discounting—of course, the 
investment’s relative value should also be 
subject to the same discounting. When 
the number of pricing periods (i.e., the 
frequency at which the portfolio value 
is priced or marked) goes up, the cost 
of the option also goes down, because 
the market can more quickly identify any 
overvaluation and therefore act earlier on 
any breach of the credibility threshold. 
For portfolios with higher volatility, the 
cost of the option increases because there 
is a greater likelihood of overvaluation, 
and for portfolios with higher expected 
returns, the cost of the option is lower 
because a greater expected return tends 
to offset the illiquidity option’s cost.

For the liquidation penalty, we have 
been assuming a base case value of 25%. 
Research by Ramadorai [2008], who 
analyzed transactions in the secondary 
market for hedge funds, found that, for 
those transactions involving fraud or col-
lapse, the average discount to reported 
NAV was 49.6%, almost twice our base 
case value. As discussed earlier, as the liq-
uidation penalty increases, the illiquidity 
option’s cost increases monotonically.

If we attempt to interpret the illi-
quidity option as the liquidity premium 
embedded in an investment, it appears 
to be much too high: approximately 
15% in our base case. This is because 
the option approach used here does not 
price the liquidity premium investors 
usually think of, but rather it represents 
the cost associated with price-smoothing 
an illiquid investment. When combined 
with a triggering event, this results in an 
abrupt sale into a deteriorating market. 
The illiquidity option’s size is a function 

e x h i B i t  4
Option Price as Function of λ and P

e x h i B i t  5
Option Price as Function of P and L
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of the magnitude of manager  mispricing and the cost 
of liquidating at an unfavorable price. The greater the 
degree of leverage employed in the underlying invest-
ment, the larger the cost associated with any fire sale 
liquidation. Clearly, manager actions can mitigate the 
illiquidity option’s value. For example, the manager 
could vary the reporting adjustment (λ) dynamically, 
rather than using the static approach modeled here.24 
This would allow the manager to control the degree of 
over- or undervaluation associated with the investment. 
In practice, we expect that managers would use such an 
approach.

A manager could also liquidate a portion of the 
portfolio as the credibility threshold is approached. How-
ever, to modify behavior as the barrier is approached, the 
manager would need a well-formed expectation about 
the level of the credibility threshold, which may be dif-
ficult to obtain because the barrier is not pre-established 
and is set by actors outside the manager’s control. In 
addition, the incentives to cheat may increase as the 
barrier is approached. Many managers get into trouble 
when they decide to hide bad results in an attempt to 
limit the scope of investor withdrawals. They often hope 
that the market will turn and bail them out of the situ-
ation. But most managers lack the f lexibility to alter 
their books. Attempting to institute a portfolio insur-
ance strategy or sell off part of the book will exacerbate 
the situation, because the positions will now have an 
accurate mark. Managers and investors can generally 
live with a bit of variation around an illiquid invest-
ment’s true value, but if a manager decides that the cred-
ibility threshold is close, trying to modify holdings or 
positions may actually trigger a fire sale. Nonetheless, 
because we are not modeling an environment where a 
manager is responding dynamically, we believe that the 
option value represents an upper bound on the cost of 
illiquidity.

Finally, turning to the assumptions associated with 
expected returns and volatility, J.P. Morgan Asset Man-
agement [2012] projects hedge fund expected returns 
in the range of 5% to 7% per year, with volatilities in 
the range of 7% to 13% per year—consistent with the 
assumptions of our base case. Importantly, J.P. Morgan 
estimates private equity’s expected returns at about 9%, 
with a volatility of 34.25%. Because volatility serves 
only to increase the cost of the illiquidity option, only 
a high expected return (with reasonable levels for the 
other parameters) can serve to offset illiquidity’s cost 

in the portfolio. We could question whether middle, 
single-digit returns are truly sufficient for investors to 
bear the cost of illiquidity that many hedge fund and 
private equity portfolios contain.

PRICING LIQUIDITY IN  
ALTERNATIVE INVESTMENTS

We are now in a position to consider several real-
world applications of the model and the implications for 
investors in less liquid portfolios. We begin by consid-
ering five well-known hedge fund indices constructed 
by HFRI: a) fixed income—convertible arbitrage, b) 
distressed/restructuring, c) multi-strategy, d) f ixed 
income—corporate, and e) emerging markets—Russia/
Eastern Europe. Exhibit 6 contains estimates for the 
first-order serial correlation from each index’s inception, 
along with the reporting adjustment implied in each 
case. The values shown represent index-level estimates, 
so it is reasonable to assume a potentially signif icant 
degree of variability in the underlying funds that con-
stitute the indices.

As shown in Exhibit 6, mean index serial correla-
tions for most of these strategies lie in the 50% to 60% 
range, implying an adjustment factor of less than 0.50, 
i.e., where managers, on average, ref lect less than 50% 
of the true period-to-period change in portfolio value. 
Depending on an investor’s assumptions concerning the 
liquidation penalty and the market credibility threshold, 
as well as estimates of expected return and volatility, the 
adjustment to observed returns (based on the cost of the 
illiquidity option) could be quite significant.

We would expect, however, for indices constructed 
with a large number of underlying funds, that at the 
index or composite level, various managers’ over- and 
undervaluation would be diversified away25 and that the 
liquidity option on an index should therefore be zero 

e x h i B i t  6
First-Order Serial Correlation of Select HFRI Hedge 
Fund Indices
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or close to zero. In fact, for the f irst four indices in 
Exhibit 6, that is exactly what we find: the estimated 
option value is zero in each case. However, the Russia/
Eastern Europe emerging-market index, which ref lects 
the lowest serial correlation in Exhibit 6, has a monthly 
reported mean of 1.44% (17.30% annualized) and a 
monthly reported standard deviation of 7.69% (26.64% 
annualized). The liquidity option is priced at 13.52,26 
which reduces the seemingly large 17.30% return to only 
3.78% per year and demonstrates that serial correlation 
alone is not sufficient to determine whether or not there 
is a cost associated with lack of liquidity.

The next application uses the Morningstar-CISDM 
hedge fund and CTA database, which contains data 
for both live and dead funds.27 Eliminating CTAs and 
funds-of-funds, the initial sample contained data for 
13,540 hedge funds. Selecting hedge funds with a serial 
correlation greater than 0.01 and for which there were 
at least 24 months of returns results in a final sample of 
3,654 hedge funds. Using this final sample, we com-
puted the value of the liquidity option using a mean, 
standard deviation, and serial correlation estimated from 
the return series of each fund, less the last three months 
(e.g., if there were 30 months of data, we used the first 
27 months to estimate the parameters, to avoid including 
the period in which the fund might fail). In all cases, 
we used a risk-free rate of 5%,28 a credibility threshold 
of 15%, and a liquidation penalty of 25%. The mean 
annualized return for this sample of funds was 11.79%, 
the mean annualized standard deviation was 13.88%, and 
the mean serial correlation was 0.2032. The mean option 
value for these 3,654 hedge funds was 5.52, implying an 
actual liquidity-adjusted mean annual return of 6.27%.29

To focus on funds for which the liquidity option rep-
resented a real reduction in return, we selected hedge funds 
with positive average returns and an option value greater 
than 1 (that is, where the option reduces the expected 
return by 1% or more). This resulted in a final sample of 
1,031 funds. For this sample, the mean annualized return 
was 18.75%, the mean annualized standard deviation 
was 25.67%, and the mean serial correlation was 0.1959. 
The mean option value for these 1,031 hedge funds was 
15.82, implying an actual liquidity-adjusted mean return 
of 2.93% on an annualized basis—a sharp contrast to the 
supposed 18.75%.30 Narrowing the sample lets us further 
explore the liquidity option’s application to real data.

Evaluating the relationship between the various 
attributes of the funds in the sample, we make the fol-

lowing observations:31 a) as we saw with the HFRI 
indices, serial correlation alone is not a proxy for the 
liquidity option’s value; b) serial correlation does not 
have a particularly strong relationship to maximum 
drawdown; c) a fund’s mean return has a weak rela-
tionship to the liquidity option’s value for that fund; d) a 
fund’s mean return has no relationship to the maximum 
drawdown associated with that fund.

As we would expect from standard option-pricing 
theory, the liquidity option’s value has an extremely 
strong relationship with fund volatility. A regression of 
option value on volatility has an adjusted R-squared of 
0.8475 with a t-statistic of 75.66 for the regression coef-
ficient. However, we find little relationship between the 
maximum drawdown experienced in the hedge fund 
sample and volatility, because the vast majority of draw-
downs occur with volatilities (monthly standard devia-
tions) of less than 12.5%. So while volatility of returns is 
an important determinant of the liquidity option’s value, 
it appears to be unrelated to a fund’s maximum draw-
down. We find, in contrast, a reasonably strong relation-
ship between the drawdown and the option value. A 
regression of maximum drawdown on option value has 
an adjusted R-square of 0.3353 with a t-statistic of 22.81 
for the regression coefficient. Although not a perfect 
predictor, it is clear that higher drawdowns are gener-
ally associated with higher option values and that the 
computed option value can serve as a useful screening 
tool for investors.

It is also informative to look at individual hedge 
funds and the pricing of their associated options. 
Exhibit 7 shows the results for 16 hedge funds drawn 
from our final sample, ordered by annualized return. 
These results underscore the general results already 
described. For example, the two funds with highest serial 
correlation, Alta Partners and Bear Stearns Asset Backed 
Securities, have relatively low-valued liquidity options, 
whereas the liquidity options for Bridgewater Partners 
and Okumus Opportunity, which have relatively low 
serial correlation, represent a significant reduction in 
the funds’ expected returns.

As a final example, we consider the Bear Stearns 
High-Grade Structured Credit Strategies fund. Its mar-
keting materials state that the “fund seeks to generate 
total annual returns through ‘cash and carry’ transac-
tions and capital markets arbitrage.”32 It further states that 
“the Fund generally invests in high-quality f loating-rate-
structured finance securities.” The High-Grade Struc-
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tured Credit Strategies fund is a poster child for a fire sale 
and rapid liquidation. As subprime mortgage delinquen-
cies grew, the value of CDOs the fund held dropped. 
The fund’s prime brokers asked for more cash collateral. 
The fund attempted to meet those collateral calls by liq-
uidating assets in a rapidly deteriorating 
market, but values fell quickly and col-
lateral requirements rose rapidly, leading 
to eventual collapse. The fund failed in 
spite of an attempt to stabilize fund value 
through Bear Stearns’s substantial injec-
tion of capital.

Before the fund collapsed, the annu-
alized mean return was 12.40% with an 
annualized standard deviation of 1.50% 
and a serial correlation of 0.6365. Straight-
forwardly pricing the liquidity option 
produces a value of zero,33 seemingly at 
odds with the approach advocated here. 
But notice that the reported standard 
deviation is extremely low, much lower 
for example than the standard devia-
tion for the comparable HFRI index 
(the Fixed-Income Asset-Backed Index), 
which is 4.03%.

Exhibit 8 plots the value of the 
liquidity option for the Bear Stearns fund 
when the fund volatility is assumed to be 
a varying percentage of the volatility of 

the HFRI Fixed-Income Asset-Backed Index. The Bear 
Stearns fund’s reported volatility is approximately 37% 
of the index’s volatility, which results in an option value 
essentially equal to zero. But as the fund’s assumed vola-
tility approaches that of the index, the value of the liquidity 

e x h i B i t  8
Option Price as Function of Index Volatility

e x h i B i t  7
Select Hedge Fund Returns and Liquidity-Adjusted Returns
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option explodes exponentially. (Note that the option value 
on the vertical axis is in tens of thousands). This example 
underscores the importance of appropriate estimates for 
the parameters of the liquidity option model. In the case of 
the Bear Stearns fund, the reported volatility was signifi-
cantly lower than what the market should have expected 
given the fund’s assets. For this reason, it is important 
to have a sanity check on a fund’s reported values when 
computing the value of the liquidity option—artificially 
low returns volatility or artificially high expected returns 
can make the analysis superf luous.

CONCLUSION

Illiquidity, even in its milder forms, is not a benign 
condition that results merely in lower reported port-
folio volatility. Underestimating the cost of illiquidity 
during the portfolio construction process can produce 
significant distortions: understated volatility, understated 
correlations, overstated expected returns, and an overal-
location to less liquid securities. One need only consider 
J.P. Morgan’s predicament as it was forcibly extricated 
from its overvalued London Whale trades during an 
abbreviated, career-defining, one-month period, or 
for the investors in quant hedge funds in August 2008 
to appreciate how large these costs can be. To adjust 
properly for illiquidity’s embedded risks, we propose a 
straightforward barrier option-pricing model that pro-
vides an objective framework for incorporating market 
data and investor experience and thereby lets institutions 
evaluate the true cost of illiquidity in their investments.

It is also important for investors to recognize that an 
investment’s liquidity is not necessarily constant through 
time. When a portfolio comes under funding stress, the 
easiest and quickest way to alleviate that stress is to sell 
the most liquid assets in the portfolio. But as liquid assets 
are sold, the portfolio becomes even more illiquid, gen-
erally over short time horizons—driving up the cost of 
the embedded illiquidity option, sometimes rapidly.

As this article has shown, illiquidity in the market 
has discernible costs. The barrier option-pricing meth-
odology described here can provide both a screen and 
a rigorous adjustment mechanism for evaluating invest-
ments that appear attractive, but may actually be unduly 
risky. Thus, in the case of the Bear Stearns fund pre-
viously discussed, a modest upward adjustment to the 
fund’s reported volatility revealed an embedded option 
cost that dwarfed the reported returns, because of the 

fund’s highly serially correlated returns. This article’s 
rigorous framework for assessing liquidity gives an 
investor the means to make an annualized adjustment 
to reported returns that corrects for illiquidity.

ENDNOTES

1The authors thank Yakov Amihud, Mark Anson, 
Ashwin Alankar, Mark Baumgartner, Peter Carr, Mark 
Kamstra, Mark Kritzman, Masao Matsuda, Fabio Savoldelli, 
Myron Scholes, the participants of the 2014 Columbia 
MAFM Practitioner’s Seminar, and participants of the Fall 
2015 Q-group conference the participants of the January 2015 
IAQF-Thalesian seminar series for useful comments and dis-
cussion. Errors remain our sole responsibility.

2Sparrow and Ilijanic [2010] quantif ied the value of 
liquidity in a trading context, and Amihud, Mendelson, and 
Pedersen [2005] provided a literature survey of the theoretical 
ways liquidity effects asset price.

3It went up (down) last period, so odds are it will go up 
(down) again this period—also referred to as autocorrelation. 
See Scholes and Williams [1977], for example.

4Examples of short-term leverage may include margin 
borrowing (see Garleanu and Pedersen [2009] or Brunermeier 
and Pedersen [2009], for example) or the use of futures, options, 
or swaps (see e.g., Office of Financial Research [2013]).

5Transactions that contain contractual obligations 
requiring liquidity upon demand, such as securities lending or 
repo transactions (see e.g., Keane [2013] or Office of Finan-
cial Research [2013]).

6Hill [2009] argued that options with long volatility 
exposures hedge some liquidity risk; Bhaduri, Meissner, and 
Youn [2007] applied this concept in a number of hedging 
strategies; and Golts and Kritzman [2010] suggested that 
investors can protect for unscheduled capital calls by pur-
chasing liquidity options that pay the investor in those parts 
of the world when such calls are likely.

7This is often the reason for low measured correlation 
and volatility.

8Acerbi and Scandolo [2008] formalized this 
observation.

9See, e.g., Weisman [2002] or Getmansky, Lo, and 
Makarov. [2004].

10Nor does it preclude such behavior.
11“True” should be thought of in a generic sense as 

being some prudent central value for the price that would be 
obtained during a given period if one wished to buy or sell 
the illiquid asset or portfolio.

12This article uses the terms “asset” and “portfolio” 
interchangeably—one either has a single illiquid asset (e.g., 
an investment in private equity or a hedge fund) or a port-
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folio that contains illiquid assets (e.g., the even more illiquid 
portion of a hedge fund).

13The expectation is obtained by applying Ito’s lemma, 
where 2

2m = µ − σ  and µ is the arithmetic mean return.
14This relationship is explored in Online Appendix B.
15We are not the first researchers to apply option theory 

to the issue of liquidity. Chaffe [1993] used Black–Scholes 
option pricing to value illiquidity in private company valua-
tions. Longstaff [1995] used risk-neutral valuation to develop 
an upper bound on the value of marketability, and Golts and 
Kritzman [2010] used a cliquet option to hedge unexpected 
capital calls.

16Given that these are derived from returns reported 
by the manager, it is important to also use additional, inde-
pendent sources to validate these parameters, or the model 
may produce misleading results. See the discussion regarding 
the Bear Stearns fund in the section “Pricing Liquidity in 
Alternative Investments.”

17Technically, the investor gives the option to the man-
ager of the illiquid portfolio, because the manager generally 
benefits from holding illiquid assets through an asymmetric 
compensation structure (i.e., the manager shares gains on the 
upside but does not share investors’ losses on the downside). 
See Keane [2013] and Huang et al. [2011].

18To generate paths for the portfolio’s true value, it is 
necessary to adjust the observed volatility for the serial correla-
tion. We use the methodology developed by Geltner [1993]:
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where σ is the adjusted volatility, σο is the observed volatility, 
and ρ

s(1)
o is the observed serial correlation.

19These are approximate market values at the time of 
writing.

20We discuss the reasonableness of these values later in 
this section.

21Matlab code to price this option is included in Online 
Appendix A.

22This has not been adjusted for the cost associated with 
notification periods, lockups, or gates as described in the sec-
tion “Causes of Illiquidity.”

23More precisely, it is the lowest credibility threshold 
of any investor or third party who has the ability to trigger 
a fire sale.

24This type of dynamic or state-dependent choice could 
theoretically be embedded in a general equilibrium setting.

25Geltner [1993] demonstrated a similar result in the 
case of real estate appraisals.

26Based on the estimated mean, standard deviation, 
and serial correlation, a riskless rate of 2.00%, a credibility 
threshold of 15%, and a liquidation penalty of 25%.

27Using both live and dead funds minimizes survivor-
ship bias in the analysis.

28This is approximately the average risk-free rate for 
the period.

291,357 of the funds had a zero option value.
30Of course, there is a purposeful selection bias here.
31Exhibits that illustrate each of these observations are 

found in the online material accompanying this article.
32There were two Bear Stearns funds following similar 

strategies. We use only one as an example.
33Again, assuming a credibility threshold of 15%, a liq-

uidation penalty of 25%, and a risk-free rate of 5.0%.
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